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Abstract. In this theoretical communication we look towards understand the underlying phe-
nomenology concerning the Elko spinors within VSR theory. The program to be accomplished
here start when we define the eigenspinors of the charge conjugation operator as eigenstates of the
helicity operator in the Cartesian coordinates system. This prescription is very useful in the sense
of phenomenological point of view, so, we propose a set of Elko spinors ready to be computationally
implemented. Regardless of, in order to show the application of given approach we impose to
these spinors to be restrict to an axis, coincidentally the axis of locality [1, 2], and then, using
the proposed prescription, we search for physical amounts and physical processes by analysing the
Yukawa and the self-interaction in such framework.
PACS numbers: 11.10.-z, 03.70.+k,11.55.-m
I. INTRODUCTION
Elko spinors are a recent theoretical set of a spin one-half fermionic objects, endowed with mass-dimension-one, dual
helicity feature, exhibit neutral behaviour under charge conjugation operator. The dynamic of the Elko spinors field
are the very same dynamic of the scalar field, they are governed exclusively by the Klein-Gordon equation [3, 4]. Such
spinor emerge in the literature as a natural candidate to describe dark matter due to renormalizable self-interaction
and limited electromagnetic interactions. By the aforementioned reasons, it plays a protagonist role in several areas
of physics and the scientific community look towards unveil its nature and understand what composes dark matter.
Until the year 2016, it was believed that Elko breaks the relativistic Lorentz covariance, with a breaking term
encoded in the spin sums, thus, showing locality only along z-axis [1, 5]. Then, the Lorentz invariance was firstly
circumvented by the Very Special Relativity (VSR), a theory proposed by Cohen and Glashow [6], which coincidentally
leaves the spin sums invariant under HOM(2) and SIM(2) group transformations [7, 8]. We remark the relevance of
the VSR theory by paying attention on recent researches developed concerning phenomenology (and other subjects)
within this context [9–18].
For a long time it was believed that the non-locality feature was regarded as an inherent characteristic of dark
matter. Recently, in [3] it was proposed a subtle deformation on the Elko adjoint spinor, leading to a new local field,1
and for that reason the problem of spin sum do not show invariance (or covariance) under Lorentz transformations
was bypassed. We emphasize that we strongly agree with the recent mass-dimension-one formulation, however, our
focus is to explore the previous formulation and consequently better understand both scenarios. We elucidate to the
reader about the existent branch between the recent and the previous formulation. In this context, it is clear that
the new formulation stands for mass-dimension-one spinors, which belong to Lorentz group, making necessary a deep
review in the Weinberg’s no-go theorem [19], while the previous one is restricted to the symmetries of VSR theory,
so, both formulations are distinct.
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1 It is important to note the conceptual difference between Elko spinors (VSR invariant) and the new local fields (Lorentz invariant).
Henceforth, we will make use of the correct nomenclature to distinguish them. For a better understanding, authors recommend Ref.[3].
2The quest to place Elko spinors at a well-established level is constant. As regards the papers [20, 21], researches
concerning a better understanding of mass-dimension-one spinors, taking into account the well-established mass
dimension 3/2 spinors, still being focus in several areas. In the case of mapping Elko into Dirac fields was recently
developed in [22] where the authors maps Elko into single helicity spinors and as a net result they obtain Dirac spinors
and also is possible to obtain type-4 spinors, explicitly. Regarding to the bilinear analysis, we should emphasize that
Elko spinors can not fit within Lounesto classification (although, naively, it can be labelled as a type-5), but it is not
totally correct due to the contrasting dual structure that Elko carry. So, it is necessary to develop a new classification
for mass-dimension-one fermions or a general classification where it takes into account any dual structure. Cohen and
Glashow states that the VSR theory implies in special relativity either in the context of local quantum field theory or
in the framework of CP conservation [6], merging VSR with Elko is still feasible [23]. The amplitude for a two body
decay of a spinless particle at rest may depend on the direction of the decay products relative to the VSR preferred
direction [6, 23], and VSR signature is expected to arise for the mass dimension one Fermi field [24].
In the present work, we firstly propose to write the Elko spinors in the Cartesian coordinate system, giving all the
additional support to the computational implementation programs like FeynRules, Madgraph5, among others, often
used by phenomenologists, as commonly made for the other spinors present in the literature, e.g., Dirac, Majorana
and Weyl spinors. Thereafter, in order to exhibit the usefulness of such prescription, we privilege a direction aiming
to better understand the eminent physics encoded behind the axis of the locality.
From the phenomenological point of view, the relevant physical amounts use to come from the data obtained on
the particle colliders, e.g., the decay-rate time and cross-section. In the QFT context, the most general property
concerning scattering matrix (S-matrix) is the unitarity. Given property guarantee, during a physical process, that
the orthonormality relation in the asymptotic states must to be preserved. In general grounds, unitarity simply
express the conservation of the transition probability between two different states. It’s worth pointing out that S-
matrix for non-local theories still not yet well established. Nevertheless, in the scope of the present work, which deals
with the physics behind an object forced to be along the locality axis, all the above mentioned prescription must
remain valid. Note that for the analysis of the phenomenological processes, both formulations along such axis must
be indistinguishable.
Until the present moment it was believed that all the Elko re-normalizable interactions violates the tree level
unitarity, except the Yukawa interaction [25]. We also analyse the cross-section for self-interaction and for Elko-Higgs
interaction along z-axis, and in this specific framework both processes preserve the tree level unitarity. Therefore, the
purpose of this review is to better understand the physical information encoded on the VSR theory.
This paper is organized as it follows: Section II we start the program by defining the eigenstates of the helicity
operator in the Cartesian coordinate system. In Section III we define the Elko spinors in the Cartesian coordinate
system. Section IV is reserved to deal with phenomenological analysis. Finally, in Section V we conclude.
II. EXORDIUM: DEFINING THE EIGENSTATES OF HELICITY OPERATOR IN THE CARTESIAN
COORDINATE SYSTEM
We start this communication writting the helicity operator [26], Σ, in the Cartesian coordinate system, as it follows
Σ ≡ σ · pˆ, (1)
where σ stands for the Pauli matrices, given by
σx =
(
0 1
1 0
)
, σy =
(
0 −i
i 0
)
and σz =
(
1 0
0 −1
)
. (2)
In the momentum Cartesian coordinate system (p = px, py, pz) the helicity operator reads
Σ = σ · p|p| =
1
|p|
(
pz px − ipy
px + ipy −pz
)
, (3)
where |p| =
√
p2x + p
2
y + p
2
z. The normalized eigenstates |+〉 and |−〉 form a complete set of eigenstates of the helicity
operator with eigenvalues +1 and −1 respectively, which allow one to write
|+〉 = 1|p|
(
pz px − ipy
px + ipy −pz
)(
a
b
)
= +
(
a
b
)
, (4)
3and
|−〉 = 1|p|
(
pz px − ipy
px + ipy −pz
)(
c
d
)
= −
(
c
d
)
. (5)
Equations (4) and (5) provide the value of a, b, c and d, in such a way
a = ± (px − ipy)√
2|p|(|p| − pz)
, (6)
b = ±
√
(|p| − pz)
2|p| , (7)
c = ∓ (px − ipy)√
2|p|(|p|+ pz)
, (8)
d = ±
√
(|p|+ pz)
2|p| , (9)
thus, the eigenstates |+〉 and |−〉 in Cartesian coordinate system read
|+〉± = ± 1√
2|p|
(
(px−ipy)√
|p|−pz√
|p| − pz
)
, (10)
|−〉± = ± 1√
2|p|
(
(−px+ipy)√
|p|+pz√
|p|+ pz
)
. (11)
According to Ref.[1], the formal structure of the Elko spinor in the rest frame reference is composed by
λS{−,+}(0) =
(
iΘ[φ+L(0)]
∗
φ+L(0)
)
, (12)
λS{+,−}(0) =
(
iΘ[φ−L (0)]
∗
φ−L (0)
)
, (13)
λA{−,+}(0) =
(−iΘ[φ+L(0)]∗
φ+L (0)
)
, (14)
λA{+,−}(0) =
(−iΘ[φ−L(0)]∗
φ−L (0)
)
, (15)
where the index S stands for self-conjugated spinors, A stands for the anti-self-conjugated spinors and Θ is the Wigner
time-reversal operator, in the spin 1/2 representation is given by
Θ =
(
0 −1
1 0
)
, (16)
such operator act as follows
ΘσΘ−1 = −σ∗, (17)
unlike the Dirac spinors, where the representation-space are usually related by the parity symmetry [27], here we see
that we abstain from the discrete symmetries and relate the representation-space via Θ operator.
The equations (10) and (11) are the building blocks to the proposed approach, due to the fact that it makes possible
to write the components φ+L (0) and φ
−
L (0), so, we have
φ+L(0) =
√
meiϑ1 |+〉 (18)
and
φ−L (0) =
√
meiϑ2 |−〉, (19)
4where ϑ1 e ϑ2 are arbitrary phases. The presence of the mass factor in (18) and (19) is related to the massless
limit case. In such scenario, spinors at rest in the (1/2, 0) and (0, 1/2) representation-space must to vanish [28]. By
consistency, the interaction amplitudes must to have the “normalization factor” mj , where j stands for the spin of
the particle [29].
Since the eigenstates in (10) and (11) have a degree of freedom encoded in the signals presented in the lower index
(|±〉±) we are able to write four different types of massive left-hand spinors, as displayed below
TYPE 1 : [φ+L (0)]+ =
√
m
2|p|
(
(px−ipy)√
|p|−pz√
|p| − pz
)
, (20)
[φ−L (0)]+ =
√
m
2|p|
(
(−px+ipy)√
|p|+pz√
|p|+ pz
)
, (21)
TYPE 2 : [φ+L(0)]+ =
√
m
2|p|
(
(px−ipy)√
|p|−pz√
|p| − pz
)
, (22)
[φ−L (0)]− =
√
m
2|p|
(
(px−ipy)√
|p|+pz
−
√
|p|+ pz
)
, (23)
TYPE 3 : [φ+L (0)]− =
√
m
2|p|
(
(−px+ipy)√
|p|−pz
−
√
|p| − pz
)
, (24)
[φ−L (0)]+ =
√
m
2|p|
(
(−px+ipy)√
|p|+pz√
|p|+ pz
)
, (25)
TYPE 4 : [φ+L (0)]− =
√
m
2|p|
(
(−px+ipy)√
|p|−pz
−
√
|p| − pz
)
, (26)
[φ−L (0)]− =
√
m
2|p|
(
(px−ipy)√
|p|+pz
−
√
|p|+ pz
)
. (27)
Inserting the left-hand components presented in (20) and (21) into (12)-(15), then, we are able to write the following
set of Elko spinors2
TYPE 1 :
λS{−,+}(p) =
√
m
2|p|B−


−i
√
|p| − pz
(−py+ipx)√
|p|−pz
(px−ipy)√
|p|−pz√
|p| − pz

 , (28)
λS{+,−}(p) =
√
m
2|p|B+


−i
√
|p|+ pz
(py−ipx)√
|p|+pz
(−px+ipy)√
|p|+pz√
|p|+ pz

 , (29)
2 Where we have defined the boost factors as B± =
√
E+m
2m
(
1±
|p|
E+m
)
.
5λA{−,+}(p) =
√
m
2|p|B−


i
√
|p| − pz
(py−ipx)√
|p|−pz
(px−ipy)√
|p|−pz√
|p| − pz

 , (30)
λA{+,−}(p) =
√
m
2|p|B+


i
√
|p|+ pz
(−py+ipx)√
|p|+pz
(−px+ipy)√
|p|+pz√
|p|+ pz

 , (31)
the spinors above are dual helicity spinors besides satisfying the charge conjugation relation. In the next sections we
explore all the physical properties of these spinors. For particular reasons that will soon become clear, we focus on
TYPE 1 spinors, however, the results holds the same for all the other types.
III. EXPLORING THE ELKO FIELD IN THE LOCAL AXIS
This section is reserved to extend the analysis and applications of the Elko spinors built up until now. In this way,
have seen that, as previously mentioned, such prescription is very useful in the sense of phenomenological applications,
so, we analyse such spinors along z-axis looking towards explore the relevant physical information encoded in such
framework aiming to test the machinery applied until now.
As previously mentioned, the focus of the present work is to write the Elko spinors along the z-axis, where it is
believed to be local [1, 2, 30], overcoming the spin sums invariance under Lorentz transformations problem and also
locality; clearly preventing a concrete physical interpretation. From this point of view, we pursue our analysis by
taking pµ = (p0, 0, 0, pz). It is possible to note that the spinors λ
S/A
{−,+}, presented in (28) and (30) need a careful
attention, since they are undetermined at the limit
lim
|p|→pz
1√
|p| − pz
. (32)
In order to circumvent this issue, we perform some mathematical manipulations, so, taking the limits px −→ 0 and
py −→ 0, we easily obtain
± 1√
2|p|
(
(px−ipy)√
|p|−pz√
|p| − pz
)
→
(±1
0
)
, (33)
and
± 1√
2|p|
(
(py−ipx)√
|p|−pz√
|p| − pz
)
→
(∓i
0
)
, (34)
finally, the Elko spinors along the z-axis can be expressed as3
TYPE 1 : λS{−,+}(pz) =
√
mBz−


0
i
1
0

 , (35)
λS{+,−}(pz) =
√
mBz+


i
0
0
−1

 , (36)
3 Where we have defined the boost factors along the z-axis as Bz± =
√
E+m
2m
(
1±
|pz|
E+m
)
.
6λA{−,+}(pz) =
√
mBz−


0
−i
1
0

 , (37)
λA{+,−}(pz) =
√
mBz+


−i
0
0
−1

 . (38)
Such spinors, labeled by TYPE 1, match to the one previously obtained in [30] and, for such reason they will be
focus in the present work. It is important to remark that even in the preferred direction given spinors still being Elko
spinors. Thus, the dual structure is the same as already defined in [3], i.e.,
¬
λ
S/A
{∓,±} (p) = [Ξ(p)λ
S/A
{∓,±}(p)]
†γ0,
= ±i[λS/A{±,∓}(p)]†γ0, (39)
where the Ξ(p) operator is defined in [31]. In the context of this communication, Ξ(p) along the preferred direction
reads
Ξ(pz) =


0 − i(E+|pz|)m 0 0
i(E−|pz |)
m 0 0 0
0 0 0 − i(E−|pz|)m
0 0 i(E+|pz|)m 0

 ,
and the dual spinor is defined as
TYPE 1 :
¬
λ
S
{−,+} (pz) =
√
mBz+
(
0 −i 1 0) ,
¬
λ
S
{+,−} (pz) =
√
mBz−
(−i 0 0 −1) ,
¬
λ
A
{−,+} (pz) =
√
mBz+
(
0 −i −1 0) ,
¬
λ
A
{+,−} (pz) =
√
mBz−
(−i 0 0 1) ,
as expected, the orthonormal relations remains unchanged4.
¬
λβ
S/A(pz)λ
S/A
β′
(pz) = ±2mδββ′ . (40)
Next step is to evaluate the spin sums, the importance of this physical quantity lies in the fact that it compose the
core of the transition amplitude and scattering, so, we have
∑
β
λSβ (pz)
¬
λ
S
β (pz) = m(1+Gz), (41)
and
∑
β
λAβ (pz)
¬
λ
A
β (pz) = −m(1−Gz), (42)
4 Regarding the physical observables (bilinear forms) given in [32], the authors in [33] classify Elko sinors as type-5. However the Elko
norm (40), are defined taking into account the Elko dual structure, so, all the physical amounts should carry the same dual structure
rather than the Dirac one. In this vein, in [31] authors perform a very same procedure to define the bilinear amounts as developed in
[32]
7where Gz is written as
Gz =


0 0 0 −i
0 0 i 0
0 −i 0 0
i 0 0 0

 . (43)
Note that the spin sums presented in (41) and (42) hold invariant under any Lorentz transformation, for the sake
of being momentum (coordinate) independent, in other words, this prescription clearly bypass the issue of Lorentz
invariance.
A parenthetic remark, the correct fashion to display the spin sums is Gz(p), due to the fact that the spinors
presented here are written in terms of the momentum p, however, as performed in the previous literature, please
check Ref [2], even such term does not explicitly depends on p and it is only φ dependent, then, authors decided to
write it as G(φ). Following the same akin reasoning, in the context presented in this manuscript, we have no explicit
dependence on p or φ, so, under such circumstances, it is more convenient to translate it into Gz , looking towards
avoid any kind of confusion.
IV. PHENOMENOLOGICAL APPROACH: THE YUKAWA AND THE SELF-INTERACTION
This section is devoted to explore the Elko TYPE 1 spinors phenomenological features. In such a way, in the
context developed up until now, we will analyse the cross-section produced by a particle restricted to move along a
line, between an initial state, |i〉, and a final state, |f〉. The first step lies in the computation of the S2-Matrix [34, 35],
such amount will describe the transition probability among the mentioned quantum states and it is given by
|Sfi|2 = |〈f |Sˆ|i〉|2, (44)
where Sˆ = eiHˆt stands for the temporal evolution operator and it must be unitary. We will consider a two Elko’s
scattering process, e.g., fα(p)+ fα′(p
′)→ fβ(k)+ fβ′(k′), governed by the Yukawa interaction Lint = εE
¬
f (x)f(x)φ(x)
[1], where f stand for the Elko quantum field. The creation and annihilation operators are given in [1, 3]. The
dimension of the coupling constant is [εE ] = [mass] and the lower indexes α, α
′, β and β′ stands for the helicity
{±,∓}. Here we will work only to the lowest order, so, such process can be represented by the diagrams
fα(p) fα′(p
′)
fβ(k) fβ′(k
′)
fα(p) fα′(p
′)
fβ′(k
′) fβ(k)
t u
Figure 1: Elko scattering mediated by a real scalar boson in the t and u channels.
Moreover, it is important to highlight that we are in an unidimensional framework, in other words, the elastic
scattering occurs in the center of mass along to the preferred axis, accordingly to [36]. Defining
pµ =
(
E
2
, 0, 0, pz
)
, p′µ =
(
E
2
, 0, 0,−pz
)
, (45)
kµ =
(
E
2
, 0, 0,−kz
)
, k′µ =
(
E
2
, 0, 0, kz
)
,
where p = pz zˆ, p
′ = −pzzˆ, k = −kz zˆ and k′ = kz zˆ, thus, the Sfi matrix reads
Sfi = i(2pi)4δ4(pi − pf )Mfi, (46)
so, we have
M(fβfβ′)(fαfα′) =
ε2E
m2
[(
¬
λ
S
β (k)λ
S
α(p)
)
1
q2 −m2φ
(
¬
λ
S
β′ (k
′)λSα′ (p
′)
)
−
(
¬
λ
S
β′ (k
′)λSα(p)
)
1
r2 −m2φ
(
¬
λ
S
β (k)λ
S
α′ (p
′)
)]
,
(47)
8where qµ = (kµ − pµ) and rµ = (k′µ − pµ) stands for the Higgs boson four-momentum vector and mφ stands for it
mass. Taking into account the incident and the scattered particles, after a straightforward calculations we obtain
|M(fβfβ′)(fαfα′)|2= 16ε4E ×
(
1
(t−m2φ)2
+
1
(u−m2φ)2
− 1
(t−m2φ)(u−m2φ)
)
, (48)
where t = (kµ − pµ) and u = (k′µ − pµ) are the well-known Mandelstam variables. The result obtained clearly evince
that along the preferred axis the Yukawa interaction hold unitary due the convergence attribute in the high energy
limit encoded in the Mandelstam variables.
A more comprehensive study of the interaction with the Higgs boson and the possible Elko production channels at
particle colliders can be seen in [37, 38]. Here, we are only interested in analyse the Elko scattering probability in one
dimension by confronting the results for the same processes in (3 + 1)-dimensions existing in the literature. As one
know from the Elko literature, in a tree level and in absence of a preferred direction, as shown in [25], self-interaction
do not preserve the unitarity. Now, the next task is to analyse the process formed by fα(p)+ fα′(p
′)→ fβ(k)+ fβ′(k′),
along z-axis, described by a self-interaction Lint = ga(
¬
f(x) f(x))2 where ga play a role of a dimensionless coupling
constant.
The Feynman diagrams for this case are displayed in Figure (2)
Figure 2: Elko self-interaction.
The transition amplitude for this process is given by
M(fβfβ′)(fαfα′) =
ga
m2
[(
¬
λ
S
β (k)λ
S
α(p)
)(
¬
λ
S
β′ (k
′)λSα′ (p
′)
)
−
(
¬
λ
S
β′ (k
′)λSα(p)
)(
¬
λ
S
β (k)λ
S
α′ (p
′)
)]
. (49)
We evaluate the squared unpolarized amplitude, given by |M(fβ fβ′)(fαfα′)|2, in order to ascertain the unitarity and
after some procedures we obtain
|M(fβ fβ′)(fαfα′)|2= 16g2a, (50)
where we note that the last result is momentum and mass independent.
Thus, the results for scattering amplitudes in the interactions studied, have no dependence on the azimuthal angle
φ and are not proportional to the momentum and the energy of the center of mass. Such features comes from the spin
sums for the Elko field, which along the privileged axis, is independent of these quantities and so, as it is imposed by
QFT, we found that in the first order of perturbation, the probability amplitude for two possible Elko interactions is
conserved in the preferred direction.
It is a well known fact that the cross-section, σ, is a measurable quantity which can be obtained from the scattering
amplitude computation, σ ∝ |Mfi|2 [35, 39]. Since both amplitudes evaluated in this communication converge in the
high energy regime (limit), the tree unitarity of the interactions analysed along z-axis has strong indications of being
guaranteed [40].
On the other hand, the unitarity of S-matrix is incorporated at all perturbative levels if the optical theorem is
satisfied, which in general requires the computation of loops in order to extract the respective imaginary parts. As
we have seen that in the first order of perturbations, the couplings produce unitary amplitudes and that this, in turn,
is the greater contribution to the scattering studied, the calculations in higher orders should not provide a divergence
of these processes at high energies.
9The generalization of the mentioned theorem for a theory in N spatial dimensions is shown in [41, 42], showing
and reinforcing the possibility to find the unitarity in any dimension, including analysis in lower dimensions such as
our case N = 1. This is a fair motivation to study phenomenologies associated with invariant theories within VSR
context, which can retrieve the theory along some preferred direction.
V. FINAL REMARKS
Although, recently a new set of mass-dimension-one new local fields were proposed, we choose to analyse the
Elko spinors in its first formulation. As already mentioned, both formulations are relevant and, although the recent
formulation exhibits an invariant spin sums under Lorentz transformations whilst the previous one shows invariance
by the VSR theory, they are part of different contexts. Thus, more than an academic exercise, we built a useful set of
Elko spinors defined in terms of the momentum in Cartesian coordinates system ready to be used for phenomenology
scholars that, as noted, it is still lacking in the current literature besides being something useful. Following the paper
schedule, we investigated all the properties of Elko along the local axis, in such a way that we can claim the theory as
being unitary, in given framework we find the hidden unitarity, searching for a prominent physics. In this proposed
scenario, we computed the spin sums and in this context such physical amount manifest Lorentz invariant, entailing
a unitary theory. Through phenomenological analysis, it was verified that Yukawa interaction is convergent even in a
high energy limit and the self-interaction, besides convergent, depending on coupling constant.
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